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An analyt ica l  solution is g iven for  the p rob lem concerning the motion of a drop in a gas flow, 
the veloci ty  of which d e c r e a s e s  l inear ly  with dis tance.  

A knowledge of the m e c h a n i s m s  of mot ion of a droplet  and of pa r t i c l e s  in a flow of gas  ts of g rea t  i m p o r -  
tance for  a l a rge  number  of f ie lds  of technology concerned with d i spe r sed  s y s t e m s .  In pa r t i cu l a r ,  we may  r e -  
f e r  here  to p r o c e s s e s  taking place  in the combust ion chambe r s  of a i r c r a f t  engines,  in in terna l  combustion en-  
g ines ,  in chemica l  equipment ,  in technological  fac i l i t i es ,  e tc .  In the ma jo r i ty  of c a s e s ,  the d i spe r sed  phase  is 
entrained by the continuum, the veloci ty  of which is  decreas ing  along the zone of contact .  This nature  of m o -  
tion of the phases  occu r s ,  for  example ,  in a i r -b r ea th ing  jet  engines [1, 2], in a tomiz ing- type  appara tuses  [3], 
in va r ious  contact  devices  with unidi rec t ional  flow motion [4-8], in Ventur i - type  appara tuses  [9], e tc .  

A knowledge of the veloci ty  of the d i spe r sed  phases  allows the s table  d i ame te r  to be de te rmined  and the 
m e c h a n i s m  of the exchange p r o c e s s  to be es tabl ished;  f inally,  i t  a lso allows recommenda t ions  to be made on 
the choice of s t r uc tu r a l  p a r a m e t e r s .  

Because  of th i s ,  the solution of the p rob lem concerning the motion of a single drop in a s t r e a m  of gas ,  
the veloci ty  of which d e c r e a s e s  according  to a l inear  law, is  of undoubted in te res t .  It  should be noted that 
a lmos t  any nonl inear  prof i le  can be replaced  by a p i ecewi se - l i nea r  p rof i l e ,  i . e . ,  this p rob lem is of gene ra l  
impor t ance .  

We choose the following dependence of the gas  veloci ty  (W) on the dis tance (S) [10]: 

S 
W =  W 0 - -  (W0 - -  Wr_) - - .  (1) 

L 

The equation of motion of a spherical  drop in a one-dimensional  flow has the form 

,rid ~ = r  -4-rode 1 -  . (2) 
d, 2 Pd 

The re la t ive  veloci ty  of the drop is 

V -= W-- V d �9 (3) 

Let us cons ide r  th ree  hydrodynamic  r e g i m e s  of flow of the drop.  

L a m i n a l  R e g i m e  

In the case  of s low movemen t  of the drop  (Re _< 1), the d rag  coeff icient ,  as shown in [11], can be r e p r e -  
sented in the f o r m  

--- 24/Re, 

where  Re = V D / v g ;  Vg is  the k inemat ic  v i scos i ty  of the gas ,  m2/ sec .  
account re la t ions  (1), (3) and (4), leads to an equation re la t ive  to S: 

S" -F BS' -4:; CS : F. (5) 

(4) 

Trans fo rma t ion  of Eq. (2), taking into 
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B = 18 pg/PdD2; C = 18 ~g(W 0 -  WL)/PdD~L; 

F = 18 btgW0,/Pd D e ~ g (I - -  Pg/Pd )" 

The genera l  solution of Eq. (5) with the condition 

Sl~=o = O, S ' i  = Vd.o, (c=o 

depending on t h e s i g n  of the d i sc r iminan t  ~, has the fo rm [12] 

~2 = B 2 _  4 C > 0 ,  

where 

- - B - F  )~ - - B - - ) ~  F 
S = C  lexp 2 -c@C 2exp 2 x + ---C ' 

C1 =. l/do 2F ; C2 2F Vdo 

)~ = 4C - -  B 2 > 0; 

( + ) (  1 " r+C~s in  1 ~"~) + F S = e x p  - -  Br C l c o s ~ -  -~- ~---. 

(6a) 

(6b) 

Here  

C 1 = - -  F/C; C 2 = 2Vdo/~, - -  FB/C"A; 

4C = B2; 

(+)  S =  exp - -  Br (C 1+C2r  ) +  B-- F 

where C I = - - 4 F / B  2 and C 2 = Vd0 -- 2F/B.  

Differentiating Eqs. (6a)-(6c), we determine the velocity of the drop: when ~2 = B 2 _ 4C > 0, 

(6c) 

2 2 

w h e n k  2 = 4 C - -  B 2 > 0 ,  

and when 4C = B 2, 

Vd --B-H)~ C lexp - - B + ) ~  B-H~ C 2 e x p - - B - ~  z; (7a) 
= x 2 2 

1 ~ o ~ +  1 ( 2 F - - V d o B )  sin 1 ~,~]. (7b) 
T T T ' 

1 (2P - -  Vdo B) xl (7e) (1 
The re la t ive  veloci ty of the drop at any instant  of t ime ,  it can eas i ly  be seen ,  is de te rmined  by means  of ex-  
p re s s ions  (1), (3), (6), and (7). 

T r a n s i t i o n  R e g i m e  

The m o s t  c o r r e c t  re la t ion for  de te rmin ing  the drag  coefficient  of a drop in a given r eg ime  is the equation 
obtained in the work of A. T. Litvinov, which takes  account of the iner t ia l  t e r m s  [13, 14]: 

= a + b/Re. (8) 

The numer i ca l  values of the coeff icients  a and b a r e  given in [13, 14]. 

Substituting re la t ions  (1), (3), and (8) into Eq. (2) and neglecting the force  of g rav i ty  together  with the 
buoyancy, in consequence of the i r  sma l lnes s  in compar i son  with the s t rong aerodynamic  action of the flow for  
Re > 1 [2, 15], we obtain 

S" - -  A S "  § (C - -  ES)  S" - -  F S  ~ § QS - -  H = O, (9) 
where 
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A = 3apg/49dD; B = 3b~,g/49dD2; C = 2Ac + B; c = W~; 

E = 2Ah; h =  (Wo--WL) /L;  F =Ah~; Q = 2 A c h + B h ;  

H = Ac ~ + cB. 
The substitution of p = S' reduces  Eq. (9) to an Abel equation of second o rde r  [12]: 

pp' = Ap ~ + (ES - -  C) p + FS ~ - -  QS + H, 

which is insolvable in quadratures .  There fo re ,  we shall use another approach to the solution of this problem, 
in which we replace  Eq. (1) by the relat ion 

W = c exp (-- hx), (1O) 

obtained as a resul t  of integrat ing Eq. (1) with the condition S i r  =0 = 0 .  Then af ter  substituting Eq. (1O) in 
Eq. (3) and differentiating, we shall  have 

tWd- = - -  hc exp(-- hz) - -  ~ (11) 
d~ dx 

The use of relat ions (8) and (11) conver ts  Eq. (2), withthe condition that mdg [1 - (Pg/Pd)] = 0, into Rioeat i ' s  equation 

dV + AV ~ + BV = ,  hcexp (-- hx). (12) 

The corresponding boundary conditions have the form 

Vl~=0 = Vo. 

In express ions  (10)-(12), the coefficients A, B, c,  and h a re  the same as in Eq. (9). 

We then find the genera l  solution of Eq. (12). 

Using the well-known substitution [12] 

ht u' 
V . . . . .  , t = exp (-- hx), 

A u 
we obtain the equation 

where N = B/h  and E = cA/h.  

tu" + (1 - -  N) u' + Eu = 0, 

Assuming fur ther  that 

u = x N z  (X), X = 2 V - ~  

we reduce Eq. (13) to a Bessel  equation 

the solution of which is well known [11]: 

X~Z" + XZ'  + (X 2 - -  N 2) Z = O, 

(13) 

Z = CiJN (X) + C~YN (X). 
Here JN (X) and YN (X) a re  N-th  o r d e r  Besse l  functions,  respect ively ,  of the f i rs t  and second kinds. 

Revert ing to the var iables  V and t ,  we obtain 

h l,-E-~ ClJN_I (2 F;-Et)+ C~YN-1 (2 VEt) 
V ~  

A C~JN (2 VEtt) + C2YN (2 ] / ' ~ I  " 

where JN-1 ( 2 E ~  and YN_I(2 E(~) a r e  (N -- 1)-th o rde r  Bessel  functions, respect ively ,  of the f i r s t  and second kinds. 

The a r b i t r a r y  constants C 1 and C 2 a re  determined by means of the following sys tem of equations: 

hto 

(2 VE~oV v [CiJ~v (2 ]/-E~o.} + C~Yx (2 |/~oo)] = Vo, 

2E (2 V ~ )  *'-' [Cj,,,_, (2 ~ " ~ ) +  C~Y~,,., (2 r  = -  Av--L~ 

T u r b u l e n t  R e g i m e  

The drag coefficient of the drop in this case usually is assumed to be constant  [16, 17]: ~b = const. 
Trans format ion  of Eq. (2), taking Eq. (11) into considerat ion with the condition that mdg [1 --(Pg/Pd)] = 0, 
leads to Ricca t i ' s  equation 
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dV 
; AV 2 = -- hcexp (-- h~), (t4) 

where A = 3~pg /4PdD.  The cor responding  boundary conditions have the fo rm 

V/~=o = Vo. 

By means  of the substi tution 

we reduce  Eq. (14) to the fo rm 

where E -- Ac /h .  

ht u' 
V . . . . . .  , t = e x p ( - - h r )  

A u 

t u " + u '  ' E u = O ,  W -  

The subst i tut ion of X = 2E~E-t- makes  it  poss ible  to conver t  to the Besse l  equation 

X~a" + Xu'  § _~u = O, 

the solution of which is exp re s sed  in t e r m s  of a Besse l  function of the f i r s t  and second ldnds and of zeroth  
order :  

u = G G  (X) + c , G  (X). 

Rever t ing  to the va r i ab l e s  u and t ,  we obtain 

r act c A  (2 + Gz, (2 
v =  V " I2 + c ro I2 v 

Here  J~{2 E~-~-) and Y~(2 E<-~-) a re  f i r s t  o r d e r  Besse l  functions,  r e spec t ive ly ,  of the f i r s t  and second kinds. 

The a r b i t r a r y  constants  C 1 and C 2 a r e  found f rom the sy s t em of equations 

c,j.  (2 + Cyo (: V 0) = v~ 

" ' hl~ 

N O T A T I O N  

W, running gas veloci ty,  m / s e c ;  W0, WL, gas  veloci t ies  at the place of introduction of the droplet  and 
at a dis tance L f rom it,  m / s e c ;  V d, V, absolute and re la t ive  veloci t ies  of the drop,  m / s e c ;  Vd0, V0, init ial  
values  of the absolute and re la t ive  veloci t ies  of the drop,  m / s e c ;  L, dis tance at which the velocity W L is  s p e c -  
ified, m; S, path t r a v e r s e d  by the drop,  m;  rod, f d ,  m a s s  (kg) and the a r e a  of the cen te r  sect ion (m 2) of the 
d rop ,  respec t ive ly ;  g, acce le ra t ion  due to g rav i ty ,  m / s e c t ;  D, d i a m e t e r  o f ~he drop, m ; Re = VD/vg,  P, eynold' s 
c r i t e r ion ;  JN,  JN-1,  J~, J r ,  Besse l  functions of the f i r s t  kind of o rde r  N, N --  1, 1, and 0, r e spec t ive ly ;  YN, 
YN-~, Y1, Y0, Besse l  functions of the second kind of o rde r  N, N --  1, 1, and 0, respec t ive ly ;  t = exp(--h~-), 
X = 2v~T,  new independent va r iab les ;  p = S ' ,  u(t), Z(X), new dependent va r i ab les ;  to, init ial  value of an inde-  
pendent var iab le ;  A, B, C, E,  F,  H, M, N, Q, a ,  b, c,  h, constant coeff icients;  C1, C2, a r b i t r a r y  constants ;  
X, d i sc r iminan t  of Eq. (5); ~-, t ime ,  sec;  pg, Pd, densi t ies  of the gas and of the drop,  kg /m3;  r hydrodynamic  
drag  coeff icient  of the drop; Ug, ~g, k inemat ic  (m2/sec) and dynamic ( N - s e e / m  2) v i scos i t i es  of the gas .  
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T W O - P H A S E  F L O W S  W I T H  F R I C T I O N  

G .  V .  Z h i z h i n  UDC 532.526 

Resul t s  a r e  p re sen ted  of a study of the equations of one-d imens iona l  s teady two-phase  f lows,  
taking account  of f r ic t ion  with the channel  wal ls .  

w One-d imens iona l  s teady flows of a wet vapor  in the rmodynamic  equi l ibr ium a r e  studied.  The t h e r -  
m a l  conductivi ty of the vapor ,  the volume of the liquid phase ,  and the d i f ference  between the phase  veloci t ies  
a r e  not taken into account.  

It  is  a s s u m e d  that  f r ic t ion  is the only uncompensated  ex te rna l  action on the flow. These  flows belong 
to the c lass  of flows with one in te rna l  degree  of f r e edom [1] --  the phase  t rans i t ion  --  and one ex te rna l  action 
- -  f r ic t ion .  

The effect  of f r ic t ion  appea r s  to one degree  o r  another  in al l  motions of two-phase  media  in channels .  
The p r e s s u r e  drop  in a channel due to the p e r f o r m a n c e  of work against  f r ic t ion is  an impor tant  engineering 
c h a r a c t e r i s t i c .  Many e m p i r i c a l  re la t ions  a r e  known for  calculat ing the p r e s s u r e  loss  due to fr ic t ion [2]. 
However ,  each  of these  has a l imi ted range  of applicat ion and does not re f lec t  the dynamics  of the flow of a 
wet vapor .  It is  of i n t e r e s t  to study the appropr i a t e  di f ferent ia l  equations to de te rmine  the genera l  quali tat ive 
c h a r a c t e r  of flows of a wet vapo r  acted upon by f r ic t ional  fo rces  following any r e s i s t ance  laws for  all  poss ib le  
values  of the p a r a m e t e r s  of a two-phase  med ium compat ib le  with the conditions of the p rob lem posed.  

The r e su l t s  of the analys is  can be applied to the li t t le studied but p rac t ica l ly  impor tan t  theore t ica l  p rob-  
l em of the efflux of a s e l f - evapora t ing  liquid. This  flow i s, on the whole, nonequi l ibr ium,  bu t  for  a sufficiently 
long channel it has a quas iequi l ibr ium boundary region of wet vapor  [3]. The c r o s s - s e c t i o n a l  a r e a  of the chan-  
nel occupied by the wet vapo r  and a lso  i ts  m a s s  flow ra te  va ry  f rom sect ion to sect ion as a r e su l t  of the v ap o r -  
izat ion of the me tas t ab le  liquid at the cen te r  of the channel .  The t e m p e r a t u r e  of the liquid r ema ins  p r a c t i -  
cal ly  constant  [3], and it  will be shown l a t e r  that  this leads to the compensa t ion  of the geomet r i c  action of the 
emerg ing  s t r e a m  on the flow of wet vapor  in the boundary region.  The equations descr ib ing  this flow a re  the 
s a m e  as the equations of equi l ibr ium two-phase  flow with f r ic t ion.  

w The equations of continuity,  mot ion ,  and energy  cor responding  to the equi l ibr ium flow of a wet 
vapor  in a channel of constant  c r o s s  sec t ion  have the f o r m  
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